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¢ 5) — (ol o)
The %ow{ of "e/raoolac. M” s -bost«ota -(—Lzlgwu.,.w( behavers
of az@oolwac ]Qlews on H.
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Thos meany Gx® 5 nt & o fom.. Define:
8':= ’7)’8 6—36“'/& }4-32 = Z-'+74‘|"|’ ’?6564’2'\' “’.
Pesi~ T
Foots: The geometry of H, and the modular curve

+ HoA(H) = T5oT(H) = PSLAR) . M 1)

. EU/\ITHC Points : ee/H., S“:aLPSlz(Z)(é)ing}_ r\Q'L TC,([-\’H,) = (Gadots
Cx_v»‘z Pofnb: va‘ut (WW) Pm\f\f% n 'RU{‘”'; O‘F Some ﬁmlwm&z' oLamMrL
Exaw,‘)l&? - TW=SL(2) Biliptic e W, i; CMPP‘Q 0o, (“1’ to orbits)

e naber of eligpoe pots of [)={3 0 N
the. Muber of ourp l)om gf [(v) ={:7_‘EE(|-P‘2), N¥FZ .

N=2
let [ be a congnuehte suL%m,r Then:
. M&Md o!»wm'n r\’H s a nm—wmpavt P,}emﬁnn m/r]%ce.
The wm.flw sbuctune neor 2e’H s i wlm"(i)‘. Tts cnmfamﬁwﬁm
15 the so-called " mogludor co:we_", dencted by X(I). Cosp Brns Sy(1)
eq-  KU):=X(Tw) = PO .
' (Tl"t kﬁﬁj SLUVF)TL\& Spaw e}FtwlprLTc mooéuéa»ﬁvw Mk(r) 5 the
%l),oloaa( section of a slawf (Q)«U(R}f(oo)@%) on X([) where
T X(MH)— X(1) is the mmMrPL:L Oefwn\«a ma.r (w‘gxld: 2Rlk)
Mnreguue,m.ua defive 0. fine bundle LWy on X([) :

fe @(( q{—ar\ﬂ)-'(u)), s.t}
)= (ca+ol) kf(z), vver )

ﬂ«w HQO((F), Wk)? Mk(r) IV\ PON'WUJOJ‘, Wz = SZX(\-)(WP)
Comtider T= SL((2), M) := Me(D), Se1) = Se ().

O M) * C[6,.6). Tn portiodar, M) =3p0nc {661} am+bnsk

V U KT) open, wy(u):= {



I 0 k<o , or Rk odd
('NV\O‘ CJ/;W\CM}((‘) = [’%2] kil(mmljz)’kgo (%W\.RAJA)
l[%.]"'l kt2(mod2) kzo

Mieea (15 Se1), £F-0 . whare A=(6o64) - 21040662 € Sah) .

~—> Compuite clim Sy (1),
lootwe 2.
®@-Tote Thesis ond the GL.-Lcmglwla

Recod - (Rma of adiles of Q).
A= ;Q:ZP QF with. the restrict P)oo(ud: t°P°[°%'4’"'
Focts: - A 1s5a LCG Uocaﬂg compact group)
A TS @ tefdtoaacal rig wth wit §roep A the ilale am_ch'FQ
- @ 7s a disoete closed sulavmﬁro’{i A
. W@ 15 cmpact  Tn porticwlar, Afg = Zx(Rz)
. (,SWa aﬁwximﬁan): let W be a P[ace of @, then @ is dense in
Av, = ;Tvizf &,
Ln porticednr, @ 15 dense m Ao (Af).
Defwition: (Todele clous 8m~f) I K is a nwmber Bk, let
Ay = AdgK.
Defie. BLIK) = Ak/x 1o be the idsle clays Goawp f K.
Thae 5 a (conbinuwous) lwwwmﬂvrl&m I1: AR — R>o , () —= Tlx,ly,
colled the obsdute value on Ak .
Remark: + we lave onarplis sw) -
e wmxrmd Compact | fu)oarﬁuﬂ i Kaogn f)l CH'(X) = Pic (Spec O ) = Cl(GK),

' 3 eL@)

The Adin reciprocity law : Moy ety > /@),
woe K/ is a ‘B\MQ Ol)eﬂlnwn extunden . 1a WAP fvrfoteﬁi Ao
Groups, we howe : CI(Ok) —— Gal(Wg) 1:@9“6._,13(%)‘%{




where (j‘,-) 5 Hilbert W, the RHS " TT" meany composite
. Product formula: V xe @ S A*, |x|=1.
- el@= AY/R* is net conpact. Howewor. if write A= ker(IK“>IR),
thon CL(@):=A/R* 5 compact. wnd:
= Wx Roo. 2=0g)1— (000, 232 121)
~ 2 (0,1) @1 ().
o tUR) = ¢L(@)xR>o () & |_’((UCP) )Q ltx,,)\)
Theavem: (Take . Portryogin dusdity of local flekds). 1% - ®.R,C.
then there 75 om aSoW‘orlePm o \‘ﬁPJﬂ”an abelion Groups:
k= K, sn—>(Xs K-S, tHX(st)) where K= Hom 4, (K, 81)
rswme«fimu%dm Xis o priori’ non-briviad chometer.
Wk - k-R, X:R—S' xr—e™™
 K=C. ¥:C—S" 'xl—> e-zwt(ch)
CR=®p, QS ;aar — %P(zniiaaﬁ )
X =1 iford only of xXE€Zp.
+ (K= extensien a"FaLove) K= Xo trace.
Mloor wmeasuwes’ (- K= 1R, dx the l_clw%u wuasume o\" '-%ﬁ on R,
R"“J&C“fl'”‘m’?f'\‘{' K= C. ol2=dos: )= 20y d” .=—on C"
C K=®, select alxtoma]eefzdx f. Ax- l’ f‘;?
Propasition: On @ we have :
) (Change Vosoble) Y mansube X <@, Ve, fox #2712l S S5
Jox Fipdy=1el ﬁaﬂ)a I ‘mm Jura =5
2) (Mdtphcabve G‘VWF) L A% _[2 dx=1; fzf\o lX\tAx—_t, (teC, Revr>0)
3) (Chanaetedstic Function). Thz Fw/nwr Ww&ﬂn of’ ﬂ.aﬂp)" s
— N
Lo ()= Lawpn (Ks) = Xsanp A
4) (Duchity) Write 2;':= {xez X(Z)=1} . then with the ohual measure

dx on ’Z} fsz‘)(—f /
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Boof: Owa prove z)&3) SLPP#?\‘— G eLCG abelion with Haar measue J.
2) S- x o = j Then G-":Homm(G',S') has a wingue Hoar measuwe
1% Z x| N
(the dual neasve) st. YFeld6), Ifl.=(Ifll,.

(M:')-szr\“

= — n P" ((Z Ax- LP)Z dx) 1)_ l (1°P.l)=1'
Muweover, nete 'dmwl’. 1) IM.P“% Ji: JX‘F'k

|tl

fZr\°""rc”"“ZXP%\P"“&N P "-k(t')ur S S ) =

'P k=0

3). ﬂaﬂp (S )-Lﬂ) Xe(y) J;P)n Xsary) dy = Ys(o) fq,)n EOLS

Note that \4CZ uv»f‘a% rnSae S(P) , ond s(F)"QZF then X is truod.

HLV\C&, J(P)n F(g)alg = ‘[(P)" 'Z(Sa)% L—)P.nJ‘ZP %(Pnsa)da = P’nfzrdg = P.n. 3
Thaovem: (Tote, Cansifiention of quasi- characters).

¥ x:k*>C" Y Xy Continuoud homom?wm, we howe
R fei} k=R
Xep= Yo Iy, whare Xoe Uk, Ue=] st, - . 3€€ dgond on X

yekertS (7, k=g, {0'0() =Rels),

\e. ?mi-c&amchx iy ramified (Mﬂg choroeter) x wnrpmifred .
Defimition: Let ]eéj(K) be a schiarte Rinction. olefne the locad T Aumcbon as:

£ K is p-adic, ’- —
W#Bs&ugwst 3({ ) {X quas charater, 0‘U()>O} C,
R with compack support $f %0 0= ij fooxad.
Facts: - Well- defied !

- Vfgeda, by st ocrtoel, it s easy to verify:
S §(3 l-lx™) = S(f X7 -5(8.%).

— & --S‘f’? pot dopend on . (L= i)

THEOREM: (TATE, LoCAL THEDRY).

eré(K) S(f X) AWFWA /8 WunnomorPI/V( Kw»duan on tl\e Riemann qu%ce
KUK = { Juasi- chomocers of KX}, Y- I"—> S€C.




omd PO T alio o mermomerphic fanction. More Pwm‘sdg:
k=R, XKD ={1S sectufgol | seet,
e(l°)= ZFSTE'SM(“TS)T(S) o e(san()1%) =~ 255 5m(F) T6s),
. K::.C’ X(K’()zu {XHHS: SQC% ) UJ\U'Q XJ\:CX—’Si, rcl“’.‘_)eltn.
n€z Il
ek $)= )\ )= L)
1)=E0 ; FU-s+ 42 -
. K=@r, wnte X=Xo 1", >
o Xe trvad, e(\~\’)={%,
> Xo non-tnviad, exercise | )
Proof: On|)f prove the cose K=C. Constder Xnl1° s€C . Take ., (2):=2"%€™**
§(fon, Xl 1) = fcx S EY (9)(e2) W (la)= =3)

_ (Rt -nrzrzsm 2rdrde
~ Jo=0 Jr=o € r?

(2—) re“"l AQ :O‘Z/rz)-

= 4Tt Jr:.ooe-'nrz rZS-t-n‘lolr (Ttri_,-t).

= QTEI-S.%r(S-(-%).
One needs to Comepute S(F, I1). Let g@-=em@E=2"f (3
its Towner transformation Vs \

- . _ Z =X+
/8\(&);= %\(XE):J e—rtwwezm(::lwwuo)o{w ( sz{g )
¢ dw = 2dudv
- W) | 4mi(ux-vy)
- 2LR IRQ e a DIM.DI\)

- Ze—+(x1+:f) JIR .,.,'-zt(n,t-evq2 du f[R e—n(v +2£j)z Jv

= po¥M22

N 5 oS TS 2T —
Hence , 3an (23"“‘3*) =2(~4n z)"e 4nes _ (an)" J;- W ™ ezmt%wfzwgw

> F@=2f(23) S = ()" £ (@)
k(ﬁ,@% = (2Fn(202), Xal175) = "2 nS 2 T (1+2-5) (n20). O
THEOREM : (TATE, GLORAL THEORY).
- agd=1 (wﬁ;h/\w pv::fl:of measure) A
Ore las Ci-' /A;A‘E;Z" G, Goon L‘c] (xf’)'_’<(y,,)u—>ﬂi,,(xfg,,)).
Ore has: @=AQ. (Exewcise!) F




. Define JUA):= {Zaf aeC  fi= @f‘, Fp€3(@p. aw‘f’r Il&,,aep}
M%spwv‘fﬂmr&ﬂncbm Hhen :
o The Founer transform of FedW) is
 F@)=], fO@@dRe SR = B ().
e, =1
> (Riemann-Roch) VX€A* fe3A) we howe:
Z f(g:c)— IX‘Jle(yx-

This 15 @ speci a,l cose oF the ' Poisson Summation ﬁrmda“.

+ (Hecke dwmdon) X= { X (@)~ € continursy homamarpleisw}
wie the 30W@TPLwW

eUR) — ¢L(@)x R>o (XP)Q l—’((UCP)

106
X — (Xu,Ry=IX]), o
ore con clussify: VXeX, X oo fom X (P Xotiu)lgls whore
x,e f,{‘(Q) SEC. o(X)=Rels). ram\ﬁao‘ unmm-%ed
aut! —F

. (Ghobad 5 funchions) ¥ FES(A), define: |
) XX, oi)o1} — ¢, e poduct measwe of o'y

SRR = [ folady.

=) I(x,,)\)

¢ Well-defined !
* (Functionad Equabon): SCER)=3(F, 1K), Vfed(A)

Cordlury: (Functionat Eqwben sf Riomann—2eta function).  Sts) =
T M3 36)= T (5) §U-5).

Poof: Toke S fﬂf whore f,= {ﬂzrzé“:

T, R




S
Seh 1) =TT 306, 119 =TT T(3) S,
| A ()
3G9 =TO 3, 1) =T = T(2)3019). O

M (Gl-t“_anglezs). let K/@Q be an abelan extwvsion. Then:
: (wnitory) Golois vepn of GuJ(K/Q)k CFT § (wnitony) vepn of a(Q)ﬁm(Ct(K))k

6ol (&7 Gal(@%R) A5, 2 < s ke

\ X (" rore
S0 lP"‘f) \\\4 Mduces : T TQ) T (D‘ﬁ"m‘t‘@")
Gal(kfp) — ' Gal(kg) —=— (er @) Hecke chavuctas

Reall : €UR)f, = @NA/N = shinura varieties!
Swie. GLA) =A%, owe needs 10 stusly Hacke choructors]  1-din auta. fows

{ectmre 3.
Gl Autowwrpbac Forms & Representations.

From modulor foms to 6La- modudar fornss.
Let - H—=C be a modelar o of weiglt &, level [ ¢ S(2).
(e ]8 epuivarent  w.rt. left T-action)
Ouwe a«nﬁ S to oamstruct:
M Gh(f)*—» C (wttvva_gag %rf)ﬂ
ﬁ=(z d) '_’(]ch]k)(th(owég) *(cird) 'F( ca-wl)-
Claims: - Vyerl, Ff(b’q)r-(ﬂwg]k)(ih (‘F\[j]h)(iF F,c(g).
(ice. vanant wort. left T- action)
Vie=(cp ma) e k= S0(R), Fp(3r1= ¥ R(g).
(e. a?wvmwf w.rt. right K- action),
¥ 5= (A }\> € 2= Z(CLW"), Ff(3$)= w(§) F)c(ﬁ), whare wLS)=i(_1")k ::Z
(ie. e?wmewt w.rt. ngl\f Z-action), S

\ land
Fack:  pQUR)S (=



Poof:  GLR'—>H, gr—§i, keme=ZK. o
Stud«a Hormitioun Geomebna: Seve Lie Tl/\woa;
Comsideo- CUGLIRY Q) 9g:=9LR).

Regular Repesentebions: ¥ ge GL(R)Y,  §: C(GLIRY,€) — C(GLIITD)
Fo) —— F(xg)_

VXeg, X C(6LIR), ©)—> C7(6LR)", C)
e S ap o
- Universad Envelopig Alachra: 4= 98, €= Mots(0)
Wite: F=005) . 1=3(0 ) 4=2(1 3) - 4=( ) €9c. wslons.
w(qe) = ClF.2.4, “/(3'1.—@3,22-&—& -
Then
Z((u(ga))= C(3.2], where A--—(Mz’zhz('c) 'S the Caﬂmrelewrt
Defmition: (AAJOQMTPLGL Forms, Geometric Uersion ) La‘olace Oremtor
- (2-fuite) - FECTELIRYC) s 2-fnite if {&'Fla, Sns o Fuite din
C linear gpace.
- (K-Rate) - F e CUGLIRY, Q) s K-fwite i {cF] ., amd a fuite chim € bncar
Space . where (KF)(g):= Flgi).
Swwosz FSSLWR). let © be a character afZ (equivalavf to w:R*->S1).
sl 5 (P\CLRY, w) = Gace of gmonth functions ];:GngR)u C, st

el | - (left T-ivariant) : Vyel, FOQ=F@.  Automaphic Forms on GLORY
tuist - (2-vonamt): ¥ S€Z, F(33)=‘*’<8)F(g). w.rt. d@cwm.lolamz&rw
%;ﬁw (Finitness): F s Z-fwite § K- Ruite. horm, e.
jrathiedis)| - (Modoraty. Growth): 3 €. N>0, 5t. |F(3)|<cll3ll
'(C‘*SP Forms ) : Suﬂma I contains a (o 1) r>o. FGJQ(I'\GL‘UP)/‘”) is
ouwpide] ¥ Vge6lk(RT, f;F(U Dg)dt=o.
© Not dopend on the choice of V-
. Cugp €, cheose PeSL(R) st. Pl =C. the ”cowPa‘alaJ at C s

)ele




> A (P\GLIR, w), the space of Cusp Brms.
Theorem: T€SL(2) omgruence sub
: ‘Fe Me(D) = Ff&,A(r\Glz(lR)T, X)'_’{( ok, tg)
- FeSdN S Fped,.
Proof: - Cleft M) & (Z- ) ore proved in the doin obove
* (Fenitaneso) . Remark: One tr\zeolA an other coordinete on GLIR)™
8 -
¥ g€ CLURY, g=(*_x)(:’ 1) (e oe) - A70. %€R, y>0. 0 o21)
° AN- K
~p WW(X .y, 9 S~ chg) w('i)e g ‘F(’K‘H%) where 3L-’X‘1’3.
Uaim: a-= 5(3;*“35) 33)&39 1S the Laflam. operator en T
PE Consder ( ') =-ith  Aoume F:GL(R'—C.

((, ))(3)- t(F@ep(et )|
S FCI Ty ew)

t=0

F(‘&) = K’ ‘% -

Sl £=e"“’(-vg%¢fa»5+zae) = (St 2030

> a=-zlvatlel) df,

To show Z- Pwitensrs, one has
oFg = -€ (g3 gtof, + kytop chlongtp iyt
=0, Swmfhdmmpw
= %(Z")Ff

To show k- ﬁww one hag
Frg= €M B@ . e k(80 )
-+ (Modurate grouth). By dof of * hidemoqhic at oo, one buny
lf(x+ )\ «<OW) , Yy=>®°.  —exeruse!
S IFsigl = ld-bo)® lmn *| e « c, it
(Cusp o). T FESUT). then  vanishas at co S Fip=astaugt-
Bla Foucter transform, 0= ao= If(i’rt)d’t V2¢H.



Howaier, Fe((' )§)= wisre™ ¥ (awe) 0
Adelic Version & Shimas Vosdebies.
Recadl: g""‘"aA?FWM\ ao). Lt X be an @%nzsclw over Z. Defne:
X (@A) = X(lQ)XﬂX(@P) with * restrict prwtad: terol%
\ topeTiX@y - e gex@y}
Eiample: For X=SLu , the Special kinear growp.
c N= @ (RoxZ"), and @*—Kis discrete.
o SL(A) = SLQ): (SLR *SL(2)). and SLI@) > SL.(A) s digrete.
Let Kf be a wm»fabt subgreu,; of SLiAg,). (Cmmmw Su)ommws)
 let Tig be the premvge of SLIR<Kp wnder L@ <> S0 (e4. Tor=54@),
Thae Ts a natwod identification

S(( R) ~ SG(A)

v et rnf be the Pmmag,; O‘F GLR' x Ky undor GL,(@) — GL). There are
natwrod  tdentifiotiounag

rkf\clz(nz) Lo \cum/

) I'Kf\ — CL@ \ / Ke*(S0LR)-Z(R))
ME: Sfm,a aWe)uwod‘nen & H-= CLA(R)K(.Z. O
Crangle: - 5L @\SLUR = g @\LW/53).
> e Thea wngrwusd&mf Coneider K Wp?ﬁwﬂﬁw“?*r
e Kf r CGLz(Z) Nowd I—Kf— G‘.z(@)n(étz(lk)xr) r Hence
The modalac curve. =8 = 61 @\ O/ 2)
= Gl @)\t A * GL(R) {int/

x(K-Z)
= Gtz(u)\‘;‘*““f’”frt/’ﬁ.
IS a S“M(Ua VO-HQ-% H"Mam gawmd;y{c, SPQCQ

Defwﬁon: (A“J(,omeflalﬁc FW‘MS, Aolpj«‘c \kﬂim)




Goal : FEM(T) ~o 1 GLIRYS € ~> Bp: GLIN-C .
Let Kf;=/(:, l"ﬂ Shvvg aﬂ)mw‘wwtﬁen we howe
GL(A) = 6L(8) - (GLIRYTx Ky).
gV i=k.
Defie 2f: GLAV-C, §+ F1(9e) = (Flig,) (0.
Bacts: - 3¢ is well-defned.
© Poperties of &f Follows Fom prererﬂ% of Fe .

o V1€ 6L(@), Vye 6L, 2p(r9) =59,
o Ukeo=(Gp wme)€SOR), Yg€ 6N, Bp(gker =6 Gp).
o 4 5= (M N ez @8 P = @K, VgeCLm), Fp(48)=wh &)

+ Under the identsfication Sleoke choracter:
- R
P VKF\/PL — @Lz(@)\a (/A)/kfX(Soz( R) -Z(R))
A I
a L@\ ®

~> Defivbion: (Achomeq;ln:c vy , with owt “twists”).
An outomerphic orm  on GLA) is & fanction 97 Glo()— C. st
medudar Pormy | GLR) auto. Rrmo

- (Smeothnesn)
Swarthiass | " Sracth at f place) - VGECLA), the induced map
leve) Strueture & 6LIR ™~ C, go.t—ﬂﬁ(ggw) is Smeoth.

level Structure » (Locolly constant atfin places): 3 compnrt open subgp
Kp€ Glalig), st. Yae 6Lp), VaeeKs., P(4ke)=4(g).

- (Invorant wnder GLQ)
V yeGlL@), $09)=9().

twst twist
V=" NEZ@) —_ $(35)= wN)¢(9).




- (Finiteness)
o (K-fuite)  Let K=S0,000x TTGLa(2p). ¢ is K- fiite

Weights Weights if i [keK] spans a firite dim €- linear space.
R R o (2-fiwte): Recodl Ull:R)¢) acts on C(GL(A)) by
Heonaphy | Holamaphy (X-#)(9)= L4 (gen(t)],.,

¢ is 2-Pute 5 ¢ is contained M g Burke cim
Z-iwerard, subspoce of CUGLA)).

Growth Condiion | Grooth Candlitiom | - ( Medorate growth) N
I c.N>0, st ($@l<clgily , YaeoLin).

Cupdo Cupdo Vge CLin), Jou $((' Dg)dt=0

Thamem: Let fe M), woeX, then 3p€ A(GLIA), ),
1f fe Sur), thon @5 €do(6Lin), w).
What Is Actowmflzdc &y;esudnﬁm ?
There IS an dtbient
GLAR) = TTGL@) > AL, )
via night 4mnslobion. But GLIR) dresnt guite act on AGLA),w)
Tnstesd, 1t 15 a so colled (oaz Lie(GLIRYY) or Lie(6L(R)), Koo= SO:(IR) or Oz(lQ\)-moo‘uJe.
=  JAGLA), w) is a "(OJ,KQxGL(Af)-mJaJe".
Lecﬂ:mb‘ LeTctwre4. decompose into Gla(®p).
Defintion: An mfomr,ph?c mfra&nf«t«‘m s an educible s@MM of AGLLA),0)
RS (g, Kw)x GL(AP) - module.

fectre 4.
Ropr%mfaﬁcn 012 GLz(QP).

Rewll: Repn of 6= GLAR). (p#2)
Al the wr. repn. of 6 Can be listed as Hlbwing:



(Powebotie Tnouctions)
© L-dim vepn podet, where p IS & charodr on
+ the (buisted) Stainbery repn Sty where p 73 @ chacacter on IR
© the Pﬁno?[m{ Senel Ir\ol(ci:)(X), whore X is & reOMm* character on *),
TF the maimal subtori in G s TSo»quc to (|F|,2)x_
(Wail QP/PV\S > Cuspida Repns).
. tht 4theta saries Ty, where X is o vegular chocacaron {(§ e},
XS ‘Ff \UF ) if the wosinad subton in G i Bomavflu( (IFF[J_])_
Recall: A character X is codled reaulmr i X#X, where T i the
Galeis invlution .

Owr Goal: 1aLmr ns: podet qu.ue)A - C*

‘ 2 inp,,J conies : B(X.X): w,,( ), where XX #14*
Trr. (&AM\«%&JDIQ) repn D/‘F GL u’?I’) Stunbarg PepIs : 0 o dgt—ylmlp(xa)*S‘L,ﬁO where XX =[*!

supercupida] repna: others (not subquotients of B, x).

Defuition  ( Smeoth & Admissoble)
let m:GL@)-V (or (V) sfmzphc,]) be a repn of GLIR) over C-Lnenr space.
TS Smotth ne: Yvel, faGGLz((DP): mgw:v} is COmfauL open
- TCis odmissable 1f: TC 13 Sweaoth ol / compact apen subgp KSGLURp), the
Space UV s fite dim. (1’( is ekuak‘booh&’d«‘s F K run out ol
ko= ('F3 [2). this is o system of open (comspaet) neighborhond
of (b 7)€l sz).
Futt: Ire. + smeoth = admissable, (Non-trined ) and has a ' contral character
w: Q= C", st (% )v=weyv. (Ba Schur lemwa below, snee (*a)ez ).
Propasition: ( Some Tnportant pverwtiea).
. (Schur lemma). Lct (=, V) Smooth \rr. of GLz(Qp),‘WzM da‘mc(Endazw,,)(v)Fl.
- (W) smeoth. Thon V= GBV(P where
M TSotypic compnent
PE{MAIM AN repnoF K whese Kerned s DPenk-
So () is adwissable 1B Vp. dimc(Up)<oo. (5o adbussable B i)



Proof: Stpl. If (W) smovth irv, then dimg(V) s countable
Pf: Use the Lwasawe eSrtion
cLi@) =1 (fe',,e;)m e7e,e2, heCllz), w2 uipt}.
P=("2) K=6L(z).
Now, TC ivr = Y otveV, spn{na)v: g=phebl@)}=V.
35 smaothness K"-=§ge(;l¢(@r):n(3)v=um LL,(Zr)z{ge(;Lz(zf,):uta)v:\d
% compoct. > [K:K/J<00.
So mk)v s o fuite set. Hence
V= Span{mepo} x { Fuite Set}
15 Spanned bU 6 countable set.
Step2. Prove Schar lemma .
Pf: T there exists V-V st Vz2e€, L-21d+#0. Then:
TCirr = L —21d must be Tsomophisms. Gomsider the uncountable set
 (L-=1dy v 2eC] V= Span e
2 3 lwear velation o=§aL(L-2LIo\)"v > ﬁ\:(L-weIJ)V=O.
~ L-wdd is not rn\je&‘ve for some Wy . A Contradiction ! O

CLASSIFICAT IONS: endline o make. the et
- Principal Series. (Parnbolic Tnduction) repn of unitony repns adso wnitery.
Defirition: Let X Xa* @'~ C* be quasi chasacters. let 1, .
B(X,, %)= { $:6:@p) € locally comstant | £(C O)9)=x@xs9 l%ﬁf(g)}
Theerem: Thore is 4 left action (=LJ§1‘(@")((“ o) =X @ Xlo)|e é))

V ge GL(&), (8- )= fixg).
It makes BOX,X:) on admissable vepn.
Proofi GL(@y)=PK = ve only rerd o study PR . keK=GLiZ).
Stepl. Sweothness: (Y, Up={a|fixgy=fuo} compact open).
PL §eB(,%) = VpeP, Ygebl@), fon=Xpr i) fr some Xo.
f lam“tl enstent > YR, ]e(kKnkFJe(&) ]@r Some Ny
> Up=(1Kn, & Kn, SK S JkKp,




R fute wnion, snee K. 7> compact. S0 R

= Ug= QAK"“¢¢ Just needs to run gut a fute set A.

Snee: - Kn is o oemfad: wghberhaonl 554@#»4 = Uj" compact.
- Can be o fintte Tntersection = Uf apen.
Step2. Aafmssable (V K'Ck compact, BOCX has Fite dim),
PE Ve XS, Rk =fihy, whee hek, K ek’
Lic: k'Jeoo = values of £ dopends only on what coset of K itisin.
= fdz) is determined 96 finite H’uvgs O
CRATINEEEEED —> Stemberg Repro, which are co-dim.
Proposition: TF X%'= (1, then BUX:) has a 1-dlim GL(&y)-subSpace ond the
quatient Is ., 1f XGE1|, then BOXGX) has an irr subrepn
with codim 1.
The Femajinivg spaces above ore Calleol _&unberq repns.
Proof: Ondy prove th it one. Lek X=x,| =Xk %
Now C[Xodet] is a dimi Tov. suhspace of B(X., %), SD’ICQ vge GL(&y),
Xt (1 2)9)=X(ab) X(detg) = X @b &] ety
ard Vg, §(edst) (1o k(] (ocot)
To prove tha qwo-hwf is I, one neeols Whittaker Fanchionols. a
Thae ore no Wua other pmnmpa,l seney repns which oxe r‘EofuuHe besicley
for the ones mentiomed obove. For a proof, See Bump p. 475,
CaseI: X z\l*Ht‘.
Fact: B(X,X2) Ts irr,
Deerem: (Cesoifadion of prncipal senes) V X, Xa: Q> C*
- If BOX,X2) ¥s irr, then BOG.X)=B0G,X;) ~» the tduced Swnw&
repns ore stil| TsomanMc (if exist).
- I X=x=X, then BALX)=X®BWU,1) iS I
: X, 1 N2) or (2
If X#X:, Hom g BUG,X), BU), 1) = { , m N2y or C2110),

+ _Superouspide) Repns. (Drffeut. 4o cossy)”

Definition: (Jocquet madudes) . Defie a Funclor




T: Repas—(*.)-M ( ) 0 Vspanfr(t X)u -] veV, xe@}.
Remade: + Well-defiadness V L) T( b)(“( v-v) a.be@,
=r(! §)=(* »,)V ()
+ we Spanf(! X)v-v} o [ Twwdu=0 for some compact open subgp
Ue®,.
- J 1S exact.
Theovem: Let (T, V) be a irr. admissable repn of 6L(@p). Then (w. V) is swperauspidal

']Q.F JW)=0.
Reuwwi B coion Tlnaova.

Defnition: (w,V) is unamified 1 V540, a non-zero element T V< is
called o gFLeﬁwJ vector, Otherwise is ramified .
Ex.awple,: |'|°0Lo.t=fd as SCOJOV(‘ Mﬁph‘caﬁen IS unm/wv?ﬁeﬂl
Remoki - (T, V) ivr. admissable, then d/-‘m,[(vk)sl. (Not eaSﬂ‘.)
© The onba possible unramifled repns are in the princped senies B(X, X.)
whre X, X; ore unramafed. Tn that Case, we houve a Splwncw{ vector
£((* 1)) = xx0) |12
So thure is & dasaiﬁcaben.
° Al sphonied repns of Gl(@y) ore {allm;ﬁ:
0. The inf-dim ones ore B X), st Xx#(-1*,
2). The Bn-dim ones are 1-dim. Tlf% are Xodet for unramified X

fecture 5
Representation of (9}, K)-module.

Set Up: Throwhout this part, (6 K):=(GLIRYT, S&R)) or (CLIR), 0:(R)).
let g:=Lie(G), #:=Lie k). In these cases, gc=Mats(0).
Defivtion: A (03, K)-module is a €-linear space / togﬁtt«w with Le Group
repn T of K and Lie algebra repn Ty of ¢ sit.:



1). V decomposes into a countable divect sum V=&,V of fite dim irr
K- subrepns.
2) For X€%,veV, we have ’IT,,J(x)v=)(v i= ;;dt(ﬂx(exP(tX))V)h:o.
3). For REK., Xe0z, veV, we have Tu(f) e (X) T (k™) = Ty (Ad(RX)V.
Remark: 1)+2=3) when (6:k) =(CLIRY, S0,(R)). But nat right Tn the gther
Defmition: A (Q,K)—m{)duie is odwissable if n the decomposition V=8V, ,
no tsomarphism type of Jrr. K-repn occurs with nfuite multipleity.
Erxample: (6,K)= (GLIRIY, SR, £ a cusp Bm. 2 Fre dlo(R\S, w).
Tn this example, Cu(gc)l'—'f is an 7T, admisseble (od,tc)-moalule,
Rewade: o, VS L,
(3.K) G h(\ew) —— L(F\6,w) 9 6

V L, Let @ IL'SPCCW

fn _ . -
H." = K- ﬁm vetars in H;, L Hrlbert dicect sum D'F
Then: - H c He dense. Irr, "complete’ G-subrepns.

. Hr e A (S, ). Hence Hf“ s an . odimisaable (eg. k)-madlude.
(that is, He is an " ir. adwissable G-repn”).
So: AW =@ K on algebroic divect sum.

To sum ug. {<';7K,%‘?:J‘ji]<—*{g'm;i*r;“a“el Hf —H

a‘ﬂezmicwllg easy! amalat‘milg wnfoumiliour.

CLASSIFICATIONS:
let V be gn irr. admissable (g,K)-moaMe Reanll that ir. K (=Rjz) -repns are 1-dim
\ n -

Use Petar- Wea‘ we g&t V= @V(&)
ZR R G- IST%P port. shee admizsable , VCR)
owe fiite dim . in fact, dime(Vd) <.

Recall: F=(1 %) 2=3({ ) 4=2(1 3) . 4=(. ) e 9e.
wae) = Cl§.2.4, iL]/<n—z3 22 le-t,--)
Then: Z(U@e)= C(3.0], Wa--—(ﬁu'zhz(/c)



Mﬁm V irr. Gdmivable (01.K) -module . Then:
. Vel hx=hx. Hence Viho={xeV |hx=hx]
- If xeVk), then exeVike2), dxeVik-2).
- 1f orxeVtk), then Vdo=Cx; Vhktzn)= CTX; V(k-2n)=CL"X ; V=BV (k+en)
Sum up , V looks Lke :
e 3 t

1
-0 V(k4) @ v(k-ﬁ/(k) ® V(k+) ® V(kta) ® -+

\WL
cim=1.
+ The Gasimir e(e,mm o ac{—/s on V by the salor w. for xe VR,

M= (w48 adx=(cweBU-5)x.
Moreover: §‘Sf 0#x V() but 2x=0, then W—‘-‘%("‘f});
1f 0#xeVUk) but £x=0, then w=L£(-3%),
Proef: - VXEV({QCV

| (—t* o | (o t\"
- ‘('—, _ =\ N LV
(Lh)x -dt TtK(enP(t(B\g ))x> _O-JL.% to 2.(0 @)1 *n«,(t o)+ )x X
wst Sint th_
A\‘t’)\o ( s:\ttust)x X - lzrow - ka > {le—= kx‘

¢ Recll that [£,23=21, we have hlx= Thx+[fh2lx=(he2)1x.
> axeV(ke2). Similorly , dxe V(k2).
o Use fucks shove, we have ©xcV(k), €' SVe2n), CL"x
S\(e-n). Tlas |m1)lte/5 the claim Sace |/ is T
¢ Recall that [0 0]=2h, we have -4a=+2h+4l7. S
Px= —wx- zhx-Lbx= (~w-X(r&)x. 0O
- The \“gowr})km clows of v sdmissable (g, -moules
is detommeined by 1) magmvalue of 3 2) the eigenvalue w
of &; 3) Hthe K—W 2(V):=$nez | Vo], (it contains even (odd)).
T write o= 5(-§) with ke€, write £2]% %00l ha:
o If keZ, or k=€ (med 2), then TW)=inez|nzglmdz)]
o I REZ ound k32lmed 2), then the K-type can be eithar




- Tyl =1 nzlkl: nzk (mod 2)}
~ Zo(k) = -lkl<nctkl: nzk (mod2)}
- Z-(k)=% hs-(k|: Vlik(vworl?«)k .
The case S=o0 TS exceptiona] because in that care Z=¢.
Eluestions :- Do the (4,K)-modules described above actually exist ?
* Gan each such (g4)-module be reabized Tn the K- fnite vectors
in some . pdmissable repn (V) of G2
Lot ¢ be chove. Lot S Sie€. let o= scry), (Y where =355
e,.g,enwlul;oﬂfa exawwduea\gg (on T(s.5.,2))
Now comstruct an admissable repn T(S,%,2) of @ on g Hidbert Space :
Guen o charctur 7 P €, (¥ ) (spgo) g™ el

(e eL®y
et His. 5.6)= { smooth Rction | = F(* 3)§) = 424224, Vi o, Ve |
i fie=C |- f()g)= 0 f(g) Vge6
Ind5®)

Facts: (et Hou%2) a0 abwve .
- The G actiom 3f(x)=fcxa) mades H(L%.8) a G——r‘efn.
Smee WV f€HG,s,8) is detornined LM ita walued on K ( by Iwasawa),
we can give H(s,5.8) & Hmhm Tnne- product
<f o> 2mj ]El(Ke)jez(Ke)olG
The wmfletﬁm §F M5, 8) s a Hilbert Space and densted ba g(gugz,i).
Elements in HGus,2) € H(S,5.2) play the role of “neoth vectors” for
the G- repn. Y ~%
Define : TUSISIE)E= H(s.,sz,z)g“ (SPace of k- fnite vecters). This is & (od,k)-mwuL:
[heovem:  For =251, w=s(i-5), n=5+Se,
D 5. % aets Vo scalars on T(S,5.2) with a‘wudw w. 1.
2) Suppm— s © wot of the form % k=€ (mod2), then Tu(S,,$2,€) s irr.
The set of K-types is {neZ] n‘:‘i(malz)}.




3) Suppore S=%, k=&(md2), k2|, then T(5,5.,€) has two irr. fnvanont
space s & T_. The Set of K-types oF e ds Zx(k).
Morgover, the quotient T/(mor) s Tr, unlesy k=1, in which case
it s 0, the set of K-types s (k).
4) Suppose S=I-% | k=t (med2), k2|, then T(S.5,2) hes an hvariant
subspice. T’ whose set of Kk-types 1S Zo(k). Here T is irr, wnlesy k=(,
in which case 1t 75 0.
Meresuer, the quotient T/n/ decowprses Tto two . nvanant
Sulos‘aaces T & L, the set of K- types of Ti IS 31k
Remark: + (5., 8,,8) in () are Codled pancipal series
- Ymeony M @ T in @) are Hute dim.
¢ Mg, M- B, 4. T M (9 are calleg| disorete Sertes .
© Thee (1,2,3.4) are adl of the ir. admissable (o5, k)-modules.
Ulossifiation of (o3, 1) -moduler Fr- 6L(RY" mply the. classifiontion of wnitery
vepns of GL(R)T.
" fopdogical “ vepn of GL(R)~—o “algebmic’ (o), k)madule
Mé BB K- fniterery, 32 Fté AG.S.2) st. ﬁ(Ko)=€aw- Snee
fillosr) = () f(Ke),
We must have t=Z(med2) Now by definition
)ct((u u)( s xgj) ke) - usmszgse.:te |
S—_hap_': A)iﬁhct ) I/‘Ft=(5+jf)ﬁﬂi ’Lftg(s’é))et-z_ aMP‘
At =wf, 3t=1fe.
PE For example, 4fe= ezw(-‘ua%ﬂi\’;tfﬁii;)
_ ZIG(S-uS"“S‘qS oith + _;tus.«usz?{seu;e)
= s+ Hfe= (5+9)
Moeover, 3= U ; —4af = (e 2Ase$-00s-§)ra5-Z1) s ))f
S$top2: proof of ). (omit W& @) By () we have 1fx=4F4=0.
Consequntly, DUFi & L, are my. Submodules whese sets




of k-typed are T & T-(. Bﬁ(ﬁmuﬂ/& ahwe , T4, T
ond the quatient are all irr, a

Jecture 6
Globed Automevfh?c R@Pﬂ TI/\MW&L

Recadl: (LAY, w) O (03, k0)x CLa(irg) - modlule
Defimition: (Adwissalble repns) et iK:= Kux Ky = SO:R x TTp6L4Z) S GL(A) be the
mvaval Wwfﬂﬂé Swloavvuf A (%,koo)xélz(Af)'MdMi& (T, V) is adoesable
‘rF-‘ © enery veetor is K-fite
- V=@, olewmfo’ses into & countable direct sum c’f Awite oo e,
K-Swlore‘?ns and no e repn of K occuss with infhwite Mﬁpln‘dfa.
Foct: Automorphvic repns axe wrr. adndsoable repns.
Defwition: The affolad Hecke a!zx/{)ra
M= Hao(§'H,)
where: + Hp= Hetigp= CT(GLEY).
o He = the CJ&B@Y& B‘F Dam,)adfg Sw,ap@rl:ea‘ distribudbiond on GL(R)
© © the restrict tonson. fir cueny Rote et S of Ruke ploces,
lot Hsi= (@H,) (8, 455)f) . then @ Hp = bing Hs.
Tndeed | @, Ho= CT(GL(Ap).
S, the coneept oF cdmivsoble (g.c)x GLa(Ap) -module frohecos the concept
of “admissakle” H- modile .
Thesrem: (Tomsar Product Theorem . Flocth).
let (7.V) be an ir adwisable (g ko) x Gla(Ag)-module . Then 3
. an . adwinsoble (Q‘,K,.)-m»aluie (. V),
+ Yp. an i admissable repn (., Vo) of 61.(Qp). st. Vb contams
6. nan-2er0 Glo(2))-fixed vector %p (i-e. unramify and has o spherical
veetor), for olmest all p.




~ ﬁtw@(
Ema:l& let S bhe -ﬁwfa et of fnite Pacw Oe'n‘fmm»«g Ml where ZZ,: iS5
rwn-SlenCWl (m/w{—’g) ond let TTs:= ®np) (%s ) ﬂ\w we defhe
®TC,> L-, » TLs.
(Mm@& (Muif«;ﬂaatg One).
et (m. V), ('V") be v admisockle (qkc) < CLAY) - modiles appeaiy
Ao(GL(A), w) . Assume T, = 1't,> frr almost adl p, then =T/,
From Moddor Forma:  Let F€ SaiN) ~& $p € 4o GL(A), w),
Theerem: - Recadl Hecke operateos Tp = ﬂcuz,,)(" )2 Rep= Lenzy(" )6k
Then =T, @(Q?I,I:Gtz(zo) RP‘%(@ 4 crz,) owe dmudé nH,
Now : T (@p)=p "2@r; Rr’(@{:)=d>]c.
Hence,, ‘HF 18 iS an eﬂganﬂrm Hor all Tp(pi’N), Then @f les in a
wnique a,m&ovmplac repn Top € odo(Clla), w).  (By Flath Thum).
et Tys th,aQ@(Q}"ﬂf,p) above . Then:
° Mf,e0 IS & cisorete senes
o Forpin Tlp iS5 & Spherical pringipod sened.
o Tf pIN, complicovted ! But there IS an adgorthanto compurte Tz
GL.- LANGLANDS::
Locad _Longlowels : (Haerss - Taylor, Horiect Scholze) Roughly.
§ e, Mlma%ulolz repn of GLz(@.,;)'S { 2- diw repn ;‘F Gad(@—?/@,,)"}.
Comsider the exoct ';e;lumca L. .
L R Ty ety
: mvolued in these repns |

Gax(a,,/@;r) Col R/

2 fib,.
The Weil group Wo, € 621 @/a,) is «'(2). A Weil-Deligne repn is a
iple (V. N), whore :
Vis Rwte dim C-linear space.




r: Weg— GLWV) 75 & repn st
> o, hos open kernel.
o N€Endl(V) st. VweWg, rw)eN-rw)'=|w| N,
here, |1 Wa, — W5, <5 @7 1 @,
Local Longlands 5 proved for 6Ln usiyg £-adic Btule cohoncelogy oF Lukin-Toke
SPDLCE..

Glokad Lam%(mdxs: TOPENY. Fix prime £ and Tsomephism T: Qe = C . Thee

1S & leijection:
) specrad” Cuspidoad m’ww]al,.;t repn T A+ GL(A) |

{ e, Continuaus vepn p: Gol(@/@) = CL(Qe) which is unrmified admost }
eﬂmd_wl«vrt, ond [’P:Gal(@/@f)qcaj(@/a)-&ﬂ,(@) is de Rham for adl p#8 ) -
and it IS cempatible with Local Lovg(wwl&



